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Devwudfw
Zh h{whqg wkh frqglwlrqdo orjlw dssurdfk xvhg lq sdqho gdwd prghov
ri elqdu| yduldeohv zlwk fruuhodwhg {hg hhfwv1 Lq d wzr0shulrg wzr0vwdwh
prgho/ zh ghulyh wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv rq wkh mrlqw glvwule0
x w l r qi x q f w l r qr iw k hl q g l y l g x d od q gs h u l r gv s h f l  fv k r f n vv x f kw k d ww k hv x p
ri lqglylgxdo elqdu| yduldeohv dfurvv wlph lv d vx!flhqw vwdwlvwlf iru wkh lq0
glylgxdo hhfw1 Wkh frqglwlrqdo olnholkrrg ixqfwlrq/ frqglwlrqdo rq wkh vxp
ri wkh elqdu| yduldeohv/ grhv qrw wkhuhiruh ghshqg rq lqglylgxdo hhfwv1 Lw
ohdgv wr
s
q frqvlvwhqw dqg qrupdoo| glvwulexwhg hvwlpdwhv1 Frqglwlrqv duh
d orw ohvv vwulqjhqw wkdq lq wkh frqglwlrqdo orjlw dssurdfk +Udvfk/ Dqghuvhq/
Fkdpehuodlq, dqg jlyh mxvwlfdwlrqv wr txdvl0glhuhqflqj wkh elqdu| ydul0
deohv dv li wkh| zhuh frqwlqxrxv yduldeohv1 Wkh frqglwlrqdo surelw phwkrg
lq sduwlfxodu lv vkrzq wr eh d shuihfwo| ohjlwlpdwh dssurdfk1 Vhplsdudphw0
ulf dssurdfkhv gudzq iurp wkh furvv0vhfwlrq olwhudwxuh fdq dovr eh uhdglo|
dssolhg1
￿Dgguhvv= 7;/ Eog Mrxugdq/ :8347 Sdulv/ Iudqfh/ Hpdlo Wklhuu|1PdjqdfChqv1iu41 Lqwurgxfwlrq4
Xvlqj frqglwlrqdo olnholkrrg phwkrgv lq wkh hvwlpdwlrq ri sdqho gdwd prghov ri
elqdu| yduldeohv zlwk fruuhodwhg {hg hhfwv/ lv d zhoo nqrzq vhpl0sdudphwulf
whfkqltxh vlqfh lw dyrlgv vshfli|lqj wkh glvwulexwlrq ri lqglylgxdo hhfwv frqglwlrqdo
rq fryduldwhv +Udvfk/ 4<93/ Dqghuvhq/ 4<:6/ Fkdpehuodlq/ 4<;7,1 Lw lv edvhg rq
wkh uhvxow wkdw wkhuh h{lvwv d vx!flhqw vwdwlvwlf iru wkh lqglylgxdo hhfw zklfk lv wkh
qxpehu ri wlphv wkh elqdu| yduldeoh lv htxdo wr 41 E| ghqlwlrq ri vx!flhqf|/ wkh
frqglwlrqdo olnholkrrg ixqfwlrq ghshqgv rq wkh sdudphwhuv ri lqwhuhvw rqo| zkloh
wkh pdujlqdo olnholkrrg ixqfwlrq vwloo ghshqgv rq erwk sdudphwhuv ri lqwhuhvw dqg
qxlvdqfh sdudphwhuv/ wkh lqglylgxdo hhfwv +Eduqgru0Qlhovhq dqg Fr{/ 4<<6/ Odq0
fdvwhu/ 5333,1 Wkh frqglwlrqdo olnholkrrg phwkrg lv krzhyhu vhhq wr eh uhvwulfwlyh
ehfdxvh ri wkh orjlvwlf dvvxpswlrq/ wkh rqo| dssolfdeoh fdvh wr p| nqrzohgjh xs
wr qrz1
Lq wklv sdshu/ zh h{whqg frqglwlrqdo olnholkrrg phwkrgv e| uhod{lqj wkh dvvxps0
wlrq ri lqghshqghqfh ehwzhhq lqglylgxdo dqg shulrg vshflf vkrfnv dfurvv shulrgv1
Zh xvh d vwdqgdug wzr0shulrg wzr0vwdwh prgho1 Wkh vhtxhqfh ri lqglylgxdo elqdu|
yduldeohv lv ghvfulehg e| odwhqw yduldeohv zklfk duh dvvxphg wr eh wkh vxp ri d
olqhdu lqgh{ ri h{sodqdwru| yduldeohv/ ri wkh lqglylgxdo hhfw dqg ri wkh lqglylgxdo
dqg shulrg vshflf vkrfnv1 Zh jhqhudol}h wkh frqglwlrqdo orjlw dssurdfk e| vroylqj
wkh txhvwlrq ri wkh h{lvwhqfh ri d vx!flhqw vwdwlvwlf1 Qdpho|/ zh suhvhqw wkh frq0
glwlrqv rq wkh mrlqw glvwulexwlrq ixqfwlrq ri lqglylgxdo dqg shulrg vshflf vkrfnv
vxfk wkdw d vx!flhqw vwdwlvwlf iru wkh lqglylgxdo hhfw lv wkh qxpehu ri wlphv wkh
elqdu| yduldeoh lv htxdo wr 41 Zh jlyh uhvwulfwlrqv wkdw vkrxog eh lpsrvhg rq wkh
frqglwlrqdo olnholkrrg ixqfwlrq1 Wkh| duh d orw ohvv vwulqjhqw wkdq lq wkh frqglwlrqdo
orjlw dssurdfk1 Wkhvh uhvxowv ohdg wr wkh frqvwuxfwlrq ri dq hvwlpdwlqj htxdwlrq
uhodwlqj wkh h{shfwdwlrq ri wkh glhuhqfh ehwzhhq vxevhtxhqw elqdu| yduldeohv dqg
wkh glhuhqfh lq wkh olqhdu lqgh{ ri fryduldwhv1 Wkh phwkrg wkhuhiruh fdq eh lq0
whusuhwhg dv d phwkrg jlylqj wkh frqglwlrqv iru txdvl0glhuhqflqj elqdu| yduldeohv
dqg doorzlqj vwdqgdug sdfndjhv wr eh xvhg wr hvwlpdwh elqdu| sdqho gdwd prghov1
4L wkdqn Mhdq0Slhuuh Ioruhqv dqg sduwlflsdqwv dw vhplqduv +FUHVW/ Wrxorxvh, dqg frqihu0
hqfhv/ HF5 lq Gxeolq/ HVHP lq Odxvdqqh iru khosixo frpphqwv1 Wkh xvxdo glvfodlphu dssolhv1
5Elqdu| prghov iru sdqho gdwd kdyh ehhq wkh irfxv ri lqwhuhvw lq wkh olwhudwxuh iru
d orqj wlph +vhh Duhoodqr dqg Krqruì/ 4<<</ iru d uhfhqw vxuyh|,1 Prvw sdshuv xvh
udqgrp hhfw prghov zkhuh wkh glvwulexwlrq ixqfwlrq ri glvwxuedqfhv lv dvvxphg
wr eh lqghshqghqw ri fryduldwhv1 Pruhryhu/ prvw dxwkruv sdudphwulfdoo| vshfli|
wklv glvwulexwlrq ixqfwlrq lqfoxglqj wkh fdvhv zkhuh wkh lqglylgxdo hhfw lv dvvxphg
wr kdyh d glvfuhwh dqg qlwh vxssruw1 Yhu| ihz sdshuv xvh qrq sdudphwulf phwkrgv
+Fkhq/ Khfnpdq dqg Y|wodflo/ 4<<<,1 Wxuqlqj wr vr fdoohg {hg hhfw prghov zkhuh
wkh glvwulexwlrq ixqfwlrq ri lqglylgxdo hhfwv fdq ghshqg lq d xqvshflhg zd| rq
fryduldwhv/ zh fdq glvwlqjxlvk irxu glhuhqw hvwlpdwlrq dssurdfkhv = pd{lpxp
vfruh +Pdqvnl/ 4<;:,/ pd{lpxp udqn fruuhodwlrq +Ohh/ 4<<</ Deuhyd|d/ 5333,/
svhxgr0uhjuhvvlrqv +Krqruì dqg Ohzeho/ 5333, dqg olnholkrrg phwkrgv vxfk dv
frqglwlrqdo orjlw1 Zh fdq uvw qrwlfh wkdw wkh uvw wkuhh dssurdfkhv duh doo edvhg
rq phwkrgv wkdw zhuh uvw dssolfdeoh wr hvwlpdwlqj prghov ri elqdu| yduldeohv lq
d furvv vhfwlrq1 Lq wkh pd{lpxp vfruh dssurdfk/ fryduldwhv duh vwulfwo| h{rjhqrxv1
Xqghu vwulfw h{rjhqhlw|/ Krurzlw} +4<<5, h{whqghg wklv dssurdfk e| sursrvlqj
vprrwk pd{lpxp vfruh dqg d sdqho gdwd dssolfdwlrq zdv shuiruphg e| Fkduolhu/
Phohqehuj dqg Ydq Vrhvw +4<<8,1 Iru pd{lpxp udqn fruuhodwlrq phwkrgv/ wkh
vwulfw h{rjhqhlw| dvvxpswlrq lv dovr pdlqwdlqhg1 Lq frqwudvw/ wkh dgdswdwlrq ri
Ohzeho +5333, hvwlpdwlrq phwkrg wr elqdu| yduldeohv sdqho gdwd gr qrw uhtxluh
vwulfw h{rjhqhlw| exw uhtxluhv wkdw wkh frqwlqxrxv uhjuhvvru vkrxog eh lqghshqghqw
ri wkh lqglylgxdo hhfw1 Olnholkrrg dssurdfkhv uhtxluh vwulfw h{rjhqhlw|1 Ehvlghv
wkh zhdn ru vwurqj h{rjhqhlw| dvvxpswlrqv/ wkhvh dssurdfkhv dovr glhu lq whupv
ri wkhlu dv|pswrwlf surshuwlhv1 Pd{lpxp vfruh hvwlpdwlrq lv qrw urrw0q frqvlvwhqw
dqg dv|pswrwlf glvwulexwlrqv ri hvwlpdwhv duh qrq qrupdo exw vprrwk pd{lpxp
vfruh lv doprvw urrw0q frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo +Krurzlw}/ 4<<5,1
Zh gr qrw nqrz pxfk derxw wkh h!flhqf| ri pd{lpxp udqn fruuhodwlrq dqg
svhxgr uhjuhvvlrqv wkrxjk zh nqrz wkh| duh frqvlvwhqw1
Frqglwlrqdo olnholkrrg dssurdfkhv duh upo| urrwhg lq olnholkrrg wkhru| dv duh/
lq d glhuhqw vslulw/ dssurdfkhv edvhg rq Fr{ dqg Uhlg +4<;:, dqg wkh Ed|hvldq
phwkrgv xvlqj ruwkrjrqdo sdudphwhuv +Odqfdvwhu/ 5334,1 Wzr lpsruwdqw uhvxowv
uhodwhg wr frqglwrqdo orjlw zhuh vkrzq e| Fkdpehuodlq +4<<5,1 Xqghu wkh dvvxps0
6wlrq ri lqghshqghqfh ehwzhhq lqglylgxdo dqg shulrg vshflf vkrfnv dfurvv shulrgv/
4, li fryduldwhv duh erxqghg/ lghqwlfdwlrq lv srvvleoh rqo| lq wkh orjlvwlf fdvh/ 5,
li fryduldwhv duh xqerxqghg/ frqvlvwhqw hvwlpdwlrq dw d
s
? udwh lv srvvleoh rqo| lq
wkh orjlvwlf fdvh1 Zh duh deoh wr jhqhudol}h wkh vhfrqg uhvxow ri Fkdpehuodlq +4<<5,
lq wzr zd|v1 Iluvw/ wkh rqo| mrlqw glvwulexwlrq ixqfwlrq vxfk wkdw 4, wkh lqglylgxdo
dqg shulrg udqgrp vkrfnv duh lqghshqghqw 5, wkh vxp ri wkh elqdu| yduldeohv lv d
vx!flhqw vwdwlvwlf iru wkh lqglylgxdo hhfw/ lv wkh orjlvwlf glvwulexwlrq1 Lqyhuvho|/ li
fryduldwhv duh xqerxqghg/ wkhq frqvlvwhqw hvwlpdwlrq dw d
s
? udwh lv srvvleoh rqo|
lq wkh fdvh zkhuh wkh vxp ri wkh elqdu| yduldeohv lv d vx!flhqw vwdwlvwlf iru wkh
lqglylgxdo hhfw1 Wkh devhqfh ri pl{wxuh ehwzhhq wkh sdudphwhuv ri lqwhuhvw dqg
wkh qrq0sdudphwulf sduw vhhpv wr ohdg wr d jdlq lq wkh frqyhujhqfh udwh1 Wkhvh
uhvxowv vkrxog eh uhodwhg wr uhvxowv ri Fkhq/ Khfnpdq dqg Y|wodflo +4<<<, lq d
udqgrp hhfw vhwwlqj1
Ehfdxvh ri wkh vlpsolflw| ri wkh frqglwlrqdo olnholkrrg dssurdfk/ zh eholhyh wkdw
lw frxog eh wkh uvw vwhs wr dwwhpsw ehiruh frqvlghulqj udqgrp hhfw dssurdfkhv1
Dq hpslulfdo looxvwudwlrq lv shuiruphg rq d oderxu pdunhw sduwlflsdwlrq h{dpsoh
dqg vkrz wkh lqwhuhvw ri wkh phwkrg1 Vhfwlrq 5 looxvwudwhv wkh sulqflsoh ri vx!flhqf|
lq wkh frqglwlrqdo orjlw fdvh1 Vhfwlrq 6 lv wkh pdlq wkhruhwlfdo vhfwlrq1 Zh wkhuh
ghulyh d fkdudfwhul}dwlrq ri wkh mrlqw glvwulexwlrq ixqfwlrq zkhq wkhuh h{lvwv d
vx!flhqw vwdwlvwlf dqg ghulyh wkh frqglwlrqv rq wkh sulplwlyhv ri wkh sureohp1 Zh
vwxg| hvwlpdwlrq dqg jlyh h{dpsohv lq vhfwlrq 7 dqg uhsruw wkh uhvxowv ri wkh
hpslulfdo looxvwudwlrq lq vhfwlrq 81 Vhfwlrq 9 lv ghyrwhg wr h{whqvlrqv dqg vhfwlrq
:f r q f o x g h v 1
51 Wkh frqglwlrqdo orjlw prgho
Zh vkdoo uvw frqfhqwudwh rq krz wkh frqglwlrqdo orjlw dssurdfk zrunv1 Frqvlghu
+￿￿c+ ￿2 wzr elqdu| yduldeohv/ lq dq lghqwlfdoo| dqg lqghshqghqwo| glvwulexwhg vdpsoh
 ' cc?jlyhq e| wkh iroorzlqj prgho=
+￿| 'li dqg rqo| li 5￿|q n "￿ n ￿| : f
zkhuh E￿￿c ￿2 lv lqghshqghqw ri E5￿￿c5 ￿2c0 ￿=
7Wkh phwkrg ghvfulehg e| Fkdpehuodlq frqvlvwv lq vshfli|lqj wkdw ￿￿ dqg ￿2
duh lqghshqghqw dfurvv shulrgv dqg kdyh orjlvwlf pdujlqdo glvwulexwlrq ixqfwlrqv1
Wkh olnholkrrg ri dq revhuydwlrq/ gursslqj lqgh{  iru vlpsolflw|/ lv=
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'
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Frqglwlrqlqj rq wklv vwdwlvwlf |lhogv=
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zklfk lv lqghshqghqw ri " +dqg zklfk lv qrq htxdo wr 4 rqo| li g ' ,1 Wkh
vx!flhqw vwdwlvwlf
S2
|’￿ +| ' g surylghv d joredo fxw iru wklv olnholkrrg
D vwurqj fulwlflvp ri wklv dssurdfk lv wkdw shulrg vshflf vkrfnv duh lqghshqghqw
dqg orjlvwlfdoo| glvwulexwhg +Fkdpehuodlq/ 4<;7/ 4<<5,1 Li zh dvvxph wkdw lw lv qrw
wkh fdvh/ wkh sulqflsoh pd| krzhyhu vwloo eh xvhg li=
hE+￿c+ 2 m 5￿c5 2c"
hE
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+514,
lv lqghshqghqw ri "1F r q v l g h u %￿ ' 5￿q  " dqg dvvxph wkdw shulrg vshflf
vkrfnv duh lqghshqghqw ri 5￿/ 52 dqg 01W k h q=
hE+￿ ' c+ 2 'fm 5￿c5 2c" ' hE￿ :% ￿c 2  %2
Wkhq wkh frqglwlrq wkdw
S2
|’￿ +| lv vx!flhqw iru wkh lqglylgxdo hhfw lv wkdw=
hE￿ :% ￿c 2  %2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 +515,
Wkh dlp ri wklv sdshu lv wr qg fkdudfwhul}dwlrqv ri ixqfwlrq S dqg wkh mrlqw
g1i1 ri E￿c 2 vxfk wkdw wklv surshuw| krogv1
861 Fkdudfwhul}dwlrq
Wkh hvwlpdwlqj frqglwlrq +515, fdq hdvlo| eh xvhg iru hvwlpdwlrq sxusrvhv +vhh
vhfwlrq 7, e| xvlqj hlwkhu frqglwlrqdo pd{lpxp olnholkrrg ru d jhqhudol}hg phwkrg
ri prphqwv1 Lw lv krzhyhu e| qr phdqv reylrxv wkdw wkh ixqfwlrq S lv xqfrqvwudlqhg1
Zh vkdoo uvw ghulyh zkdw duh wkh jhqhudo lpsolfdwlrqv ri wkh vx!flhqf| surshuw|
rq wkh mrlqw g1i1 ri E￿c 2 Zh zloo wkhq wxuq wr wkh frqglwlrqv wkdw vkdoo eh
l p s r v h gr qi x q f w l r qS
6141 Wkh mrlqw glvwulexwlrq ixqfwlrq
Zh vkdoo olplw rxuvhoyhv wr wkh fodvv ri iroorzlqj glvwulexwlrq ixqfwlrqv lq rughu wr
xvh wkh xvxdo wrrov ri glhuhqwldo fdofxoxv1 Lw vkrxog krzhyhu eh qrwhg wkdw wkh
vwdwhphqwv ehorz fdq eh wudqvodwhg dqg dgdswhg wr wkh fdvh zkhuh wkh glhuhqw
ixqfwlrqv duh ghqhg doprvw hyhu|zkhuh dw wkh sulfh ri dgglwlrqdo frpsoh{lw|1
Dvvxpswlrq D4 = Wkh glvwulexwlrq ixqfwlrq ri E￿c 2 dgplwv d vwulfwo|
srvlwlyh dqg erxqghg ghqvlw| ixqfwlrq zlwk uhvshfw wr wkh Ohehvjxh phdvxuh1 Wkh
pdujlqdo glvwulexwlrq ixqfwlrq ri ￿ lv ghqrwhg 8E dqg lwv ghqvlw| ixqfwlrq/ sE
Lw lv vxfk wkdw 8Ef ' ￿
21
Wkh dvvxpswlrq rq wkh phgldq lv wkh pruh frpprq qrupdol}dwlrq dvvxpswlrq1
Lw vx!fhv wr lqfoxgh d frqvwdqw dprqj yduldeohv 5￿1 Li zh dovr lqfoxgh d shulrg
vshflf yduldeoh lq 5￿ dqg qrw lq 52/ wkhq e| qrupdol}dwlrq zh vkdoo dovr dvvxph
wkdw =
Dvvxpswlrq D5= SEf ' 
Xqghu wkhvh dvvxpswlrqv/ wkh iroorzlqj wkhruhp fkdudfwhul}hv vrph qhfhvvdu|
frqglwlrqv iru +515, wr krog1
Wkhruhp 6141 Dvvxph D4/ D5 dqg =
;E%￿c% 2(
hE￿ :% ￿c 2  %2
hE￿  %￿c 2 :% 2
' SE%￿  %2 +614,
Wkhq =
41 SE lv d ghfuhdvlqj ixqfwlrq iurp n4 wr f dqg lv wzlfh glhuhqwldeoh1
51 Wkh pdujlqdo g1i1 ri 2 lv htxdo wr wkh pdujlqdo g1i1 ri ￿=
hE2  %2'8E%2
961 Wkh mrlqw g1i1 ri E￿c 2 lv jlyhq e| =
hE￿  %￿c 2  %2'
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zkhq %￿ 9' %2 +615,
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81 8E lv glhuhqwldeoh wkuhh wlphv dqg s lv erxqghg1
Surri1 Lw lv hdv| wr suryh srlqw 4/ e| xvlqj prqrwrqlflw| surshuwlhv ri suredelolw| ixqf0
wlrqv/ olplw frqglwlrqv dqg dvvxpswlrq D41 Iru srlqwv 5 dqg 6/ vhh dsshqgl{ D1 Wkh
vhfrqg h{suhvvlrq lq srlqw 6 lv ghulyhg e| qrwlqj wkdw h{suhvvlrq +615, lv whfkqlfdoo|
xqghqhg zkhq %￿  %2 'f  Zh frqvlghu wkh olplw ri htxdwlrq +615, zkhq %2 $ %￿1
H{sdqglqj 8E%2 * 8E%￿nE%2%￿sE%￿ dqg SE%￿%2 * nS￿E%￿%2E%￿%2/
dqg wdnlqj olplwv/ zh jhw +616,1 Lw lv rqo| ghqhg zkhq S￿Ef 	 f +srlqw 7,1 Dv wkh
mrlqw ghqvlw| ixqfwlrq lv erxqghg ehfdxvh ri +D4,/ zh fdq glhuhqwldwh +616, wzr wlphv
dqg wkh uhvxow lv erxqghg1 Wkhuhiruh/ 8E qhfhvvdulo| lv wkuhh0wlphv glhuhqwldeoh dqg
s lv erxqghg +srlqw 8,1
Wkh idfw wkdw ￿ dqg 2 kdyh lghqwlfdo glvwulexwlrq ixqfwlrqv lv jhqhudo1 Lw
vkrxog eh uhplqlvfhqw ri wkh surshuw| ri h{fkdqjhdelolw| ri yduldeohv lq d vhtxhqfh
zklfk duh dw wkh khduw ri wkh phwkrg ri frqglwlrqdo orjlw dqg dovr ri wkh vfruh
phwkrg ghyhorshg e| Pdqvnl +4<;:,1 Wklv surshuw| lv khuh vkrzq wr eh wkh frqvh0
txhqfh ri wkh vx!flhqf| surshuw| dqg zh dovr doorzhg iru dq dgglwlrqdo glhuhqfh
lq lqwhufhswv wkurxjk D51
Wkhruhp 614 jlyhv dovr d fkdudfwhul}dwlrq ri wkh mrlqw suredelolw| ixqfwlrq lq
whupv ri wkh wzr ixqfwlrqv 8E dqg SE rqo|1 Wkh vx!flhqf| surshuw|/ dv h{shfwhg/
uhgxfhv wkh glphqvlrq ri wkh sureohp iurp d ixqfwlrq zlwk wzr dujxphqwv wr wzr
ixqfwlrqv ri rqh dujxphqw1 Dw wklv vwdjh ri wkh sdshu/ wkhruhp 614 jlyhv/ krzhyhu/ d
qhfhvvdu| frqglwlrq rqo| dqg wklv fkdudfwhul}dwlrq pljkw ohdg wr dq lpsurshu mrlqw
glvwulexwlrq ixqfwlrq1 Wkh dlp ri wklv vhfwlrq lv wkhuhiruh wr orrn iru qhfhvvdu| dqg
vx!flhqw frqglwlrqv rq wkh wzr sulplwlyhv 8E dqg SE wkdw ohdg wr d surshu g1i1
Zh qhyhuwkhohvv ehjlq zlwk dq lqwhuhvwlqj dssolfdwlrq ri wklv wkhruhp zkhq ￿
dqg 2 duh lqghshqghqw1
Fruroodu| 6151 Dvvxph D4/ D5/ frqglwlrq +614, dqg wkdw ￿ dqg 2 duh lqghshq0
:ghqw1 Wkhq/ wkhuh h{lvwv >:f vxfk wkdw=
8E%'

ni  T E >%
SE'i  T E >


















Lqwhjudwlqj wklv htxdwlrq dqg lpsrvlqj 8Ef ' ￿
2/ zh jhw wkh h{suhvvlrq ri 8E%1
Xvlqj +615, zh jhw wkh h{suhvvlrq ri SE
Lq wkh suhvhqw sdshu/ zh gr qrw lpsrvh lqghshqghqfh ehwzhhq lqglylgxdo dqg
shulrg vshflf udqgrp yduldeohv dqg d eurdghu fodvv ri ixqfwlrqv zloo eh vkrzq
wr ohdg wr d vx!flhqf| surshuw|1 Zkdw zh fdq lqihu iurp wklv fruroodu| lv wkdw
wkh lqwhuvhfwlrq ri wkh vhw ri mrlqw glvwulexwlrq ixqfwlrqv vdwlvi|lqj wklv vx!flhqf|
surshuw| dqg wkh vhw ri lqghshqghqw mrlqw glvwulexwlrq ixqfwlrqv lv uhgxfhg wr rqh
idplo|/ wkh orjlvwlf glvwulexwlrq ixqfwlrq1 Fkdpehuodlq +4<<5, gluhfwo| suryhg wkdw
wkh orjlvwlf glvwulexwlrq ixqfwlrq lv wkh rqo| srvvleoh g1i1 frqvlvwhqw zlwk d qrq0
}hur vhpl0sdudphwulf h!flhqf| erxqg zkhq udqgrp vkrfnv duh lqghshqghqw1 Wklv
surshuw| vhhpv wr eh vlplodu wr wkh uhvxow ghulyhg e| Fkdpehuodlq +4<<5, zkr
gluhfwo| suryhg wkdw wkh orjlvwlf glvwulexwlrq ixqfwlrq lv wkh rqo| srvvleoh g1i1 frq0
vlvwhqw zlwk d qrq0}hur vhpl0sdudphwulf h!flhqf| erxqg zkhq udqgrp vkrfnv duh
lqghshqghqw1 Zh vkdoo uhodwh klv uhvxow wr rxuv lq wkh vhfwlrq derxw h{whqvlrqv odwhu
rq1
Lq rxu fdvh/ lw lv vwloo qrw fohdu wkdw +615, dqg +616, ghqh d surshu mrlqw glvwulex0
wlrq ixqfwlrq dqg wkdw wkh fodvv ri mrlqw glvwulexwlrq ixqfwlrqv ghqhg e| Wkhruhp
614 lv qrw uhgxfhg wr wkh orjlvwlf fdvh1 D qhfhvvdu| frqglwlrq lv wkdw wkh mrlqw
;ghqvlw| ixqfwlrq eh vwulfwo| srvlwlyh dqg erxqghg dqg wkhuhiruh vdwlvhv frqglwlrq
D41 Wr ghqh wkh mrlqw ghqvlw| ixqfwlrq iurp htxdwlrq +615,/ ohw =
;%￿ 9' %2(rE%￿  %2 
S￿E%￿  %2
E  SE%￿  %22
Sursrvlwlrq 6161 Ghqrwh =
;%￿ 9' %2(}E%￿c% 2  rE%￿  %2EsE%￿nsE%2 n r
￿E%￿  %2E8E%￿  8E%2
dqg e| h{whqvlrq=
}E%￿c% ￿ ' *4
%2<%￿
}E%￿c% 2
Qhfhvvdu| dqg vx!flhqw frqglwlrqv iru +615, wr yhuli| dvvxpswlrq D4 lv=
;E%￿c% 2( f 	} E%￿c% 2 	 n4 +618,
Surri1 D vv k r z ql qd s s h q g l {E /}E%￿c% 2 lv wkh ghqvlw| ixqfwlrq wkdw fdq eh ghulyhg
iurp +615,1 Ixuwkhupruh =
*4
%￿c%2<3"
hE￿  %￿c 2  %2'f *  4
%￿c%2<n"
hE￿  %￿c 2  %2'
Lw lv gl!fxow wr gluhfwo| wdfnoh wklv frqglwlrq1 Zh vkdoo surfhhg vwhs e| vwhs1
Wkh uvw vwhs vkrzv wkdw wkhuh lv d rqh0wr0rqh uhodwlrqvkls ehwzhhq ixqfwlrq SE
dqg wkh glvwulexwlrq ixqfwlrq ri wkh glhuhqfh/ ￿  21
6151 Wkh uhodwlrqvkls ehwzhhq SE dqg wkh glvwulexwlrq ixqfwlrq ri wkh
glhuhqfh ￿  2
Zh uvw vkrz krz wr ghulyh wkh glvwulexwlrq ixqfwlrq ri wkh glhuhqfh ￿2 iurp
wkh ixqfwlrq ri SE Lw dovr |lhogv dgglwlrqdo qhfhvvdu| frqglwlrqv wkdw pxvw eh
lpsrvhg rq SE1
Ohw E eh wkh pdujlqdo g1i1 ri ￿  2 zklfk dgplwv d erxqghg dqg srvlwlyh
ghqvlw| ixqfwlrq )E e| dvvxpswlrq D41 Wkhq =









E  S2 'f +619,






<Surri1 Vhh dsshqgl{ F1
Zh fdq dovr vroyh wkh lqyhuvh sureohp ghulylqj SE iurp wkh g1i1 E1Z k h q
zh vroyh wklv lqyhuvh sureohp/ zh qg dgglwlrqdo frqglwlrqv/ vrph ri wkrvh ehlqj
uhodwhg wr wkh qhfhvvdu| dqg vx!flhqw frqglwlrq +618,1
Sursrvlwlrq 6181 Ohw E wkh glvwulexwlrq ixqfwlrq ri ￿21 Xqghu dvvxpswlrqv






)E_ 	 n4 +61:,
*4
￿<n"
E  E 'f *  4
￿<3"
E'f +61;,












lv d ghfuhdvlqj ixqfwlrq iurp n4 wr f/ lv wzlfh glhuhqwldeoh/ SE f ' cS ￿Ef 	 f
dqg SE yhulhv +619,1
Surri1 Vhh dsshqgl{ G1
Wkh uvw frqglwlrq lv uhodwhg wr wkh idfw wkdw ￿ dqg 2 duh lghqwlfdoo| glvwule0
xwhg dqg lpsolhv wkdw =
.E￿  2'f
hyhq zkhq .￿ grhv qrw h{lvw1 Wkh rwkhu frqglwlrqv duh uhjxodulw| frqglwlrqv rq
wkh g1i1 dw lqqlw|1 Wkhvh uhjxodulw| frqglwlrqv duh iru lqvwdqfh yhulhg li E lv
wkh qrupdo g1i1 dqg/ dv zh zloo vhh lq wkh qh{w vhfwlrq/ e| pdq| rwkhu vwdqgdug
glvwulexwlrqv1
Wkh odvw sursrvlwlrq jlyhv d zd| wr frqvwuxfw ixqfwlrq SE iru d jlyhq g1i1 E
Lw dovr jlyhv dgglwlrqdo frqglwlrqv rq SE wkdw zh qrz wudqvodwh=

















 ' f +6143,









43Surri1 Vhh dsshqgl{ H1
Zh qlvk wklv vhfwlrq e| qrwlqj wkh ixqgdphqwdo v|pphwu| ri wkh sureohp lq
whupv ri wkh glvwxuedqfhv ￿ dqg 2 zklfk zh zloo xvh wr vlpsoli| wkh surriv jlyhq
lq wkh qh{w vhfwlrq1 Li zh fkdqjh ￿ lqwr 2 dqg 2 lqwr ￿/z hv l p s o |f k d q j hE
lqwr E dqg SE lqwr *SE1 Wkh pdujlqdo glvwulexwlrqv 8E duh qrw fkdqjhg
vlqfh wkh| duh lghqwlfdo1 Wkh v|pphwu| fdq eh vhhq iurp wkh ruljlqdo htxdwlrq +614,
ru gluhfwo| iurp wkh h{suhvvlrq ri SE ehfdxvh zh jhw diwhu vrph pdqlsxodwlrqv dqg





E  E n
U ￿
3")E_
Htxdwlrq +618, lv dovr dhfwhg lq wkh vdph zd| vlqfh lw fdq eh htxlydohqwo| zulwwhq
dv +vhwwlqj %￿ ' % n / %2 ' %,=
;Ec%(f 	r EEsE% n nsE% n r
￿EE8E% n   8E% 	 n4 +6144,
ru dv=
;Ec%(f 	r EEsE%  nsE% n r
￿EE8E%    8E% 	 n4
zklfk lv htxlydohqw wr=
;Ec%(f 	r EEsE%nsE% n   r
￿EE8E% n   8E% 	 n4 +6145,
Htxdwlrqv +6144, dqg +6145, duh wkhuhiruh htxlydohqw wr/ iru dq|   f dqg dq| %=
f 	r EEsE% n nsE% n r
￿EE8E% n   8E% 	 n4
f 	r EEsE% n nsE%  r
￿EE8E% n   8E% 	 n4
Zh fdq wkhuhiruh olplw wkh ghyhorsphqwv deryh wr wkh fdvh ri   f surylghg
wkdw zh yhuli| wkh frqglwlrqv ehdulqj rq wkh vwudljkw uhsuhvhqwdwlrq E +uhvs1
SE, dqg rq wkh uhyhuvh uhsuhvhqwdwlrq E +uhvs1 *SE,1 Zh vkdoo wkhuhiruh
dvvxph iurp qrz rq wkdw   f dqg wkdw E fdq hlwkhu eh lqwhusuhwhg dv wkh
surshu E ru   E1
Jlyhq wklv vlpsolfdwlrq/ zh fdq wdfnoh wkh lpsolfdwlrqv ri wkh qhfhvvdu| dqg
vx!flhqw frqglwlrq +618,1
446161 Frqglwlrqv rq wkh pdujlqdo glvwulexwlrq ixqfwlrq 8E
Zh duh qrz lq d srvlwlrq wr suryh wkdw wkhuh h{lvw glvwulexwlrq ixqfwlrqv 8E vxfk
wkdw frqglwlrq +618, lv vdwlvhg1 Wr suryh wkh srlqw pruh hdvlo|/ zh kdyh wr uhvwulfw
ixuwkhu wkh frqglwlrqv jlyhq lq sursrvlwlrq 6181 Zh zulwh dq dgglwlrqdo frqglwlrq
rq wkh g1i1 E =











zkhuh vk+1, dqg fk+1, duh wkh k|shuerolf vlqh dqg frvlqh ixqfwlrqv1 5
Wklv frqglwlrq lv qrw dv vwulqjhqw dv lw pd| uvw dsshdu1 Iluvw/ qrwh wkdw dv wkh
ixqfwlrq rq wkh ohiw kdqg vlgh lv lqfuhdvlqj iurp f zkhq  'fwr kf zkhq  $ n4/
frqglwlrq +61<, rq wkh olplw ehkdylrxu ri wkh whup rq wkh UKV/ lv d frqvhtxhqfh
ri frqglwlrq +6146,1 Vhfrqg/ zh vkrz diwhu wkh pdlq uhvxow6 wkdw xqghu yhu| zhdn
frqglwlrqv/ frqglwlrq +61<, lpsolhv frqglwlrq +6146,1
Wkh iroorzlqj sursrvlwlrq jlyhv wkh frqglwlrqv rq wkh pdujlqdo glvwulexwlrq
ixqfwlrq 8E1
Sursrvlwlrq 61:1 Iru dq| ixqfwlrq E vdwlvi|lqj +61:/ 61;/ 6146,/ wkhuh h{lvw











zkhuh kf lv ghqhg e| +6146,
Surri1 Vhh dsshqgl{ I1
Lw phdqv wkdw s vkrxog qrw eh wrr frqyh{1 Lw lv wkh frqvhtxhqfh ri +6146,
zkhq zh vroyh iru htxdwlrq +618,1 Wkh wdlov ri wkh glvwulexwlrq duh wklfn hqrxjk
dqg wkh qrupdo glvwulexwlrq/ vd|/ zrxog qrw txdoli| iru wklv frqglwlrq1 Wkhuh duh
pdq| glvwulexwlrq ixqfwlrqv/ krzhyhu/ wkdw vdwlvi| wkhlv frqglwlrq/ lq sduwlfxodu/







6Wkh rughu lv frppdqghg e| wkh idfw wkdw wklv vwdwhphqw xvhv ghyhorsphqwv wkdw duh jlyhq
lq wkh surri ri sursrvlwlrq 61:=
45Zh qrz zhdnhq frqglwlrq +6146, zklfk lv gl!fxow wr yhuli| lq prvw fdvhv wr
frqglwlrq +61<, zklfk lv hdv| wr yhuli|1
Ohppd 61;1 Ohw )E eh d vwulfwo| srvlwlyh ghqvlw| ixqfwlrq vxfk wkdw =
l,1 Lw lv frqwlqxrxv h{fhsw srvvleo| dw d qlwh qxpehu ri srlqwv1
ll,1 Lw yhulhv +61<,
Wkhq/ lw vdwlvhv +6146,1
Surri1 = Vhh dsshqgl{ J1
Wkhuhiruh/ iru prvw ghqvlw| glvwulexwlrqv wkdw rqh lv zloolqj wr frqvlghu / wkh
lpsruwdqw frqglwlrq wr yhuli| lv +61<,1 Zh fdq dovr zulwh wklv uhvxow lq whupv ri
ixqfwlrq SE1 Frqglwlrq +6146, fdq eh uhzulwwhq xvlqj wkh rqh wr rqh uhodwlrqvkls








Dq htxlydohqw uhvxow wr ohppd 61; fdq wkhq eh zulwwhq iru ixqfwlrq SE1W k h
frqwlqxlw| dvvxpswlrq rq )E wudqvodwhv lqwr d frqwlqxrxv vhfrqg ghulydwlyh SE1
Zh fdq qrz suryh wkdw wkh vhw ri glvwulexwlrqv vdwlvi|lqj wkhruhp 614 lv qrw
hpsw| ehfdxvh wkh glvwulexwlrq ixqfwlrq wkdw lw ghqhv lv d surshu mrlqw glvwulex0
wlrq ixqfwlrq1 Zh vxppdul}h doo wkh uhvxowv dqg vwdwh wkdw/ jlyhq d ixqfwlrq SE/
wkhruhp 614 ghqhv d surshu mrlqw glvwulexwlrq ixqfwlrq1
Wkhruhp 61<1 Ohw F eh wkh vhw ri ixqfwlrqv iurp U wr U vxfk wkdw =
l1 SE lv d ghfuhdvlqj ixqfwlrq iurp n4 wr f dqg lw lv wzlfh glhuhqwldeoh1
ll1 SEf ' f(S￿Ef 	 f1
lll1 SE yhulhv +619,/ +6143, dqg +6148,
dqg ohw 8 5IES wkh qrq hpsw| vhw ri ixqfwlrqv ghqhg lq sursrvlwlrq 61:1
Ohw SE 5F1 Wkhq +615, ghqhv d mrlqw glvwulexwlrq ixqfwlrq wkdw yhulhv D4
dqg +614,1
Surri1 Wkh qhfhvvdu| dqg vx!flhqw frqglwlrq +618, lv yhulhg e| xvlqj sursrvl0
wlrq 61:
46Lq wkh qh{w vhfwlrq/ zh zloo frqvlghu glhuhqw h{dpsohv iru ixqfwlrq SE ru lwv
htxlydohqw uhsuhvhqwdwlrq wkh glvwulexwlrq ixqfwlrq E1 Zh fdq krzhyhu uhfrqvlghu
qrz wkh h{dpsoh ri frqglwlrqdo orjlw1
6171 Frqglwlrqdo orjlw
Lq wklv fdvh/ SE'i  T E 1 Lw lv d ghfuhdvlqj ixqfwlrq iurp n4 wr f/w z l f h
glhuhqwldeoh/ htxdo wr  zkhq  'fdqg vxfk wkdw S￿Ef '  	 f1 Lwv dvvrfldwhg
ixqfwlrq rE lv jlyhq e|=
rE'
S￿
E  S2 ' 
2i TE
E  i TE2










i TEEE ni  T E   2E  i TE
E  i TE￿
zklfk fdq eh vkrzq wr eh v|pphwulf dqg srvlwlyh hyhu|zkhuh dqg vxfk wkdw )Ef '









ni  T E 
  i TE
/< kf(;:f(kf
ni  T E kf
  i TEkf
	
ni  T E 
  i TE
z k l f kl vy h u l  h gi r ud q |kf 	 1 Dv wkh h{suhvvlrq rq wkh UKV lv lqfuhdvlqj zlwk
kf/w k l vh { s u h v v l r ql vy h u l  h gi r ud q |kf 	 1




i TE2%  ei TE%n
i TE2%n2i  T E %n
	 
dqg wkh sdlu ESEc8E jlyhv d surshu mrlqw glvwulexwlrq ixqfwlrq dv h{shfwhg1 Lw lv
krzhyhu idu wr eh wkh rqo| pdujlqdo glvwulexwlrq ixqfwlrq zklfk fdq eh dvvrfldwhg
wr wklv ixqfwlrq SE1 Dq| ixqfwlrq vxfk wkdw
sE%
sE%
	  zrxog txdoli|1
Pruh jhqhudoo| qrz/ rqh pd| zrqghu zkhwkhu wkh frqglwlrqv rq SE dqg 8E
erxqg wkh fruuhodwlrq ehwzhhq wkh glvwxuedqfhv ￿ dqg 21L w l v z k d w z h q r z
vwxg|1
476181 Erxqgv rq wkh fruuhodwlrq
Zh vkdoo iurp qrz rq dvvxph wkdw doo prphqwv ri wkh glvwulexwlrqv h{lvw1 Lq wkdw
fdvh zh xvh =
T E￿  2'2 E T E￿  JE￿c 2
vlqfh ￿ dqg 2 kdyh wkh vdph pdujlqdo g1i1 81 Wkh frh!flhqw ri fruuhodwlrq lv
wkhuhiruh erxqghg e|=
4   
T E￿  2
2T ￿
Zh frqvlghu erxqgv rq T E￿  2 dqg T ￿1 Wkh odwwhu erxqg lv wkh prvw
vwudljkwiruzdug wr ghulyh1 Dvvxplqj wkdw wkh iroorzlqj lqwhjudwlrq e| sduwv lv oh0













































Dv sdudphwhu kf lv jlyhq e| frqglwlrq +6146,/ lw dovr dhfwv T E￿  21W k l v
uhodwlrqvkls lv erxqghg e| wkh iroorzlqj h{suhvvlrq1
Ohppd 61431







Wkh frh!flhqw ri fruuhodwlrq lv wkhuhiruh erxqghg e| =






Frqvlghulqj wkdw k2 
S)Ef￿ U n"
f ￿)E￿￿_￿ dv vkrzq lq ohppd I14 +vhh dsshqgl{ I,/ zh
kdyh wkhuhiruh wkdw =








Lq wkh h{dpsohv wkdw zloo eh suhvhqwhg lq wkh qh{w vhfwlrq/ wklv erxqg lv dozd|v
ohvv wkdq 1
4871 Hvwlpdwlrq dqg sdudphwulf h{dpsohv
Zh qrz xvh wkhvh uhvxowv wr ghulyh wkh hvwlpdwlqj htxdwlrqv dqg jlyh vrph sdud0
phwulf h{dpsohv zkhuh zh vlpso| xvh wkh surshuw| ri txdvl0glhuhqflqj wkh elqdu|
yduldeohv dv li wkh| zhuh frqwlqxrxv yduldeohv1
7141 Hvwlpdwlrq sulqflsoh
Vlqfh %￿  %2 'E 5￿  52q/ dq hvwlpdwlqj frqglwlrq lv jlyhq e| xvlqj +514, dqg
+515,=







Rq wkh uhvwulfwhg vdpsoh/ vxfk wkdw
S2
|’￿ +| 'zh wkhq dovr kdyh wkdw=
.E+￿  +2 m 5￿c5 2c
2 [
|’￿
+| ' 'CEE5￿  52q +715,
zkhuh C ' S3￿
￿nS lv d prqrwrqlf ixqfwlrq wdnlqj ydoxhv ehwzhhq  dqg n/ CEf '
f
Htxdwlrq +714, jlyhv d zd| wr hvwlpdwh sdudphwhuv q e| pd{lpxp olnholkrrg
dqg htxdwlrq +715, e| wkh phwkrg ri prphqwv1 Lw vkrxog eh qrwhg wkdw zh duh edfn
wr wkh vwdwlf fdvh ehfdxvh wkh ghshqghqw yduldeoh fdq rqo| wdnh wzr ydoxhv  dqg
1 Vwdqgdug elqdu| phwkrgv wkhuhiruh fdq eh xvhg surylghg wkdw wkh frqglwlrqv
ghyhorshg lq wkh suhylrxv vhfwlrq duh vdwlvhg1
Dv idu dv lghqwlfdwlrq lq wkh vhplsdudphwulf fdvh lv frqfhuqhg/ wkh qrupdo0
l}dwlrq uhvwulfwlrq SE f 'lpsolhv wkdw wkh glvwulexwlrq ixqfwlrq jlyhq e| +714, lv
vxfk wkdw lwv phgldq lv htxdo wr *21 E| dqdorj|/ wkh rwkhu lghqwlfdwlrq frqglwlrqv
duh jlyhq lq Pdqvnl/ 4<;; ru Krurzlw}/ 4<<;1 Wkhuh lv dw ohdvw rqh frqwlqxrxvo|
glvwulexwhg uhjuhvvru dqg e| qrupdol}dwlrq lwv frh!flhqw lv vhw htxdo wr 1L wv l p s o |
lpsolhv wkdw ixqfwlrq SE lv uhvfdohg lqwr SEb1
Iru hvwlpdwlrq sxusrvhv/ lw lv dovr hdv| wr wudqvodwh wkh glhuhqw phwkrgv wkdw
kdyh ehhq sursrvhg lq wkh olwhudwxuh dqg wkdw zh douhdg| txrwhg/ dqg lq sduwlfxodu
wkh h!flhqw hvwlpdwru ghyhorshg e| Nohlq dqg Vsdg| +4<<6,1 Lw vkrxog eh uhpdunhg
wkdw wkh frqglwlrqv lpsrvhg rq SE gr qrw dhfw wkh uhvxowv ghyhorshg lq wkdw
sdshu1
49Ilqdoo|/ iru h{whqvlrqv wr pdq| shulrgv/ zh fdq xvh wkh sulqflsoh ri glhuhqflqj
dfurvv dq| wzr shulrgv iroorzlqj wkh lghd ri Pdqvnl +4<;:,1
7151 Sdudphwulf h{dpsohv
Wkh vlpsohvw sdudphwulf h{dpsoh lv wkh vwdqgdug fdvh ri orjlvwlf glvwulexwlrqv1 Lq
wkdw fdvh ixqfwlrq SE'i  T E  dqg wkh glvwulexwlrq ixqfwlrq jlyhq e| +714,
lv wkh orjlvwlf glvwulexwlrq1 Wkhuh duh wzr urxwhv wr ghsduw iurp wklv dvvxpswlrq1
Wkh uvw urxwh lv wr xvh vwdqgdug glvwulexwlrqv lq +714,/ iru lqvwdqfh wkh qrupdo g1i1
wkdw zh fdoo Frqglwlrqdo Surelw +H{dpsoh 4,1 Wkh vhfrqg urxwh lv wr vshfli| wkh
glvwulexwlrq ixqfwlrq iru wkh glhuhqfh ehwzhhq ￿ dqg 21 Zh vkdoo vwxg| orjlvwlf
glhuhqfhv +H{dpsoh 5, dqg qrupdo glhuhqfhv +H{dpsoh 6,1 Lq hdfk fdvh/ zh vkdoo
vkrz wkdw wkh frqglwlrqv suhvhqwhg lq wkh suhylrxv vhfwlrq duh vdwlvhg1
715141 Frqglwlrqdo Surelw
Dvvxph wkdw lq htxdwlrq +714,=
SE
nSE
'x fE ru SE'
xfE
xfE
zkhuh xf lv wkh }hur0phdq xqlw0yduldqfh qrupdo g1i1 Ixqfwlrq SE lv d vwulfwo| gh0
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zkhuh )SE lv wkh ghqvlw| ixqfwlrq ri wkh glhuhqfh ehwzhhq ￿ dqg 21L w l v








 ExfE  *2 n )fE

+716,
4:Zh mxvw frqvlghu wkh fdvh ri :f dv wkh g1i1 lv v|pphwulf1 Zkhq  whqgv wr }hur/
xfE  *2  )fEf  E
￿*S)fEf
)fE  )fEf  E
2*2)fEf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zklfk lv erxqghg dqg srvlwlyh1
Wkh ghulydwlyh ri wkh dujxphqw ehwzhhq eudfnhwv lq +716, lv =








wkh ghulydwlyh lv dozd|v srvlwlyh1 )SE lv wkhuhiruh srvlwlyh dqg erxqghg ehfdxvh
ri wkh h{srqhqwldo whup lq )fE dsshdulqj lq +716,
























 ExfE  *2 n )fE

zklfk whqgv wr n4 zkhq  whqgv wr n41D v)SE vdwlvhv +61<, dqg lv frqwlqxrxv/
zh fdq dsso| ohppd 61; wr suryh +6146,1
4;Doo wkh frqglwlrqv lq wkhruhp 61< duh wkhuhiruh suryhq dqg frqglwlrqdo Surelw
lv d ydolg phwkrg1 Lq frqfoxvlrq/ rqh fdq zrqghu li wkh fruuhodwlrq lv uhvwulfwhg lq







E2xfE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
e)fEf
wkh fruuhodwlrq lv erxqghg e| =














dqg wkh erxqg lv qrw olplwlqj1
715151 Qrupdo glhuhqfhv
Dvvxph qrz wkdw ￿  2 lv qrupdoo| glvwulexwhg ri yduldqfh htxdo wr  Wkhq
U n"
￿ )fE_ ' ￿
E2Z￿￿*2 i TE￿2
2  dqg wkh fruuhvsrqglqj ixqfwlrq SE lv =
SE'










dqg dv )fE lv frqwlqxrxv/ zh fdq dsso| ohppd 61; wr jhw frqglwlrq +6146,1
Frqfhuqlqj wkh fruuhodwlrq/ zh jhw=










dqg wkh erxqg lv qrw olplwlqj1
715161 Orjlvwlf glhuhqfhv
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4<dqg wkh fruuhvsrqglqj ixqfwlrq SE lv =
SE'

 n* L } E ni  T E 
'

*L}E n i TE
Frqfhuqlqj wkh fruuhodwlrq/ zh jhw=







dqg wkh erxqg lv qrw olplwlqj1
81 Dq dssolfdwlrq
Zh qrz suhvhqw dq looxvwudwlrq ri wklv hvwlpdwlrq phwkrg rq wkh surwrw|slfdo elqdu|
prgho vlqfh zh frqvlghu ihpdoh sduwlflsdwlrq lq wkh oderu pdunhw1 Zh xvh gdwd
iurp wkh Iuhqfk Oderxu Irufh Vxuyh| lq 4<<; dqg 4<<<1 Wkh OIV lv d uroolqj sdqho1
Rxu zrunlqj vdpsoh jdwkhuv pduulhg zrphq suhvhqw lq 4<<; dqg 4<<< dqg djhg
iurp 58 wr 881 Sduwqhuv duh hpsor|hg dqg sduwqhuv* lqfrph lv uhsruwhg lq erwk
|hduv1 Wkh vdpsoh vl}h lv htxdo wr 445<91 Sduwlflsdwlrq sdwwhuqv duh suhvhqwhg lq
wdeoh 4 zkhuh sduwlflsdwlrq phdqv hpsor|phqw ru vhdufklqj iru d mre1 Rqo| 81;( ri
wkh vdpsoh fkdqjh sduwlflsdwlrq vwdwxv ehwzhhq 4<<; dqg 4<<< ri zkrp 87( pryh
iurp qrq sduwlflsdwlrq lqwr sduwlflsdwlrq1 Wkhuhiruh wkh vdpsoh vl}h ri pryhuv/
wkdw zh xvh iru frqglwlrqdo olnholkrrg hvwlpdwlrq/ lv uhgxfhg wr 9841 H{sodqdwru|
yduldeohv duh wkh qxpehu ri fkloguhq lq glhuhqw djh udqjhv +306/ 709/ :04;,/ vsrxvh
lqfrph dqg d txdgudwlf sro|qrpldo lq djh1
Uhvxowv ri frqglwlrqdo olnholkrrg hvwlpdwlrq iru glhuhqw vshflfdwlrqv duh uh0
sruwhg lq wdeoh 51 Lq rughu wr idflolwdwh wkh frpsdulvrq dfurvv vshflfdwlrqv/ zh
qrupdol}hg wr 4 wkh frh!flhqw ri wkh qxpehu ri fkloguhq lq wkh 306 djh udqjh1
Lw zdv wkh prvw suhflvho| hvwlpdwhg frh!flhqw lq doo vshflfdwlrqv1 Yduldeohv duh
fhqwhuhg/ e| vxewudfwlqj wr wkhp wkhlu dyhudjh ydoxhv/ dqg wkh frh!flhqw ri wkh
lqwhufhsw fdq eh lqwhusuhwhg dv wkh pdfur hhfw ri |hdu << zlwk uhvshfw wr |hdu <;
 d shulrg ri ghfuhdvlqj xqhpsor|phqw1
Glhuhqw vshflfdwlrqv ohdg wr yhu| vlplodu hvwlpdwhv/ lq sduwlfxodu/ zkhq v|p0
phwulf glvwulexwlrqv duh xvhg1 Zkhwkhu lw eh frqglwlrqdo Orjlw ru Surelw/ ru Qrupdo
Glhuhqfhv  wkh glvwulexwlrq ixqfwlrq ri ￿  2 lv qrupdo  hvwlpdwhv ri doo fr0
53h!flhqwv duh doprvw htxdo dqg olnholkrrg ydoxhv duh qrw vljqlfdqwo| glhuhqw1 Lq
wklv vhqvh/ Frqglwlrqdo Orjlw hvwlpdwhv duh urexvw lq wklv vdpsoh1
Zh dovr wulhg wkh phwkrg ri hvwlpdwlrq ri Nohlq dqg Vsdg| +4<<6,1 Ehfdxvh
ri uhvxowv dsshdulqj lq wdeoh 5/ zh frqvlghuhg wkdw wkh qhfhvvdu| frqwlqxrxvo|
glvwulexwhg yduldeoh zdv Djh +lq prqwkv,  ehfdxvh wkh hhfw ri Vsrxvh lqfrph
zdv qhyhu vljqlfdqw1 Wkh phwkrg glg qrw frqyhujh dqg d ghwdlohg lqyhvwljdwlrq
ri wklv sureohp vkrzhg wkdw wkh prgho zdv qrw vhpl0sdudphwulfdoo| lghqwlhg1
Wkh hhfw ri wkh frqwlqxrxv yduldeoh/ Djh/ lv pxfk vpdoohu/ lq whupv ri udqjh dqg
vwuhqjwk/ wkdq wkh hhfw ri wkh fkloguhq yduldeohv1 Wkh odwwhu duh wkhuhiruh qrw
lghqwlhg +vhh Krurzlw}/ 4<<; iru dq h{dpsoh,1 Vrph sdudphwulf dvvxpswlrq lv
qhhghg lq wkh suhvhqw vdpsoh dqg zh wkhuhiruh vwlfn wr wkh uhvxowv suhvhqwhg lq
wdeoh 51
Lw lv dovr ri vrph lqwhuhvw wr frpsduh wkh frqglwlrqdo olnholkrrg uhvxowv ri wklv
w|sh ri hvwlpdwlrq lq fdvhv ri Orjlw dqg Surelw xvlqj qrupdoo| glvwulexwhg lqglylg0
xdo hhfwv1 Zh dovr suhvhqw uhvxowv zkhq wlph0dyhudjhv ri wkh h{sodqdwru| yduldeohv
duh lqfoxghg dv h{sodqdwru| yduldeohv lq rughu wr frqwuro iru wkh srvvleoh ghshq0
ghqfh ehwzhhq lqglylgxdo hhfwv dqg h{sodqdwru| yduldeohv +Duhoodqr dqg Krqruì/
4<<<,1 Ryhudoo/ Orjlw dqg Surelw hvwlpdwhv duh yhu| forvh dv wkh| zhuh lq wkh frq0
glwlrqdo hvwlpdwlrq1 Wkh fruuhodwlrq dfurvv wlph ehwzhhq udqgrp whupv lv yhu|
odujh +1<; xvlqj Orjlw/ 1<7 xvlqj Surelw, ehfdxvh shuvlvwhqfh lv kljk dqg fkdqjhv
ehwzhhq vwdwhv duh ihz1 Glhuhqfhv ehwzhhq uhvxowv zkhq frqwurolqj ru qrw iru wlph
dyhudjhv ri yduldeohv duh qrwlfhdeoh dqg wkh hvwlpdwhg frh!flhqwv ri wlph dyhudjhv
duh yhu| vljqlfdqw1 Wkh frqwuro surfhgxuh kdv qr lpsdfw rq wkh hvwlpdwhv ri wkh
fruuhodwlrq frh!flhqwv/ d prghudwh lpsdfw iru fkloguhq yduldeohv dqg vsrxvh lq0
frph dqg d odujh lpsdfw iru wkh djh yduldeoh1 Lq sduwlfxodu/ lw grhv qrw vhhp wr
eh srvvleoh wr uhfrqfloh wkh hvwlpdwhg frh!flhqw ri djh/ xvlqj {hg hhfwv/ wdeoh
5/ zlwk wkh hvwlpdwhg frh!flhqw ri djh2c xvlqj udqgrp hhfwv/ wdeoh 61 Djh dqg
lqglylgxdo hhfwv duh xqvxusulvlqjo| yhu| pxfk uhodwhg rq vxfk d vkruw sdqho1
Wkh udqgrp hhfw hvwlpdwlrq shuirupv txlwh zhoo zlwk uhvshfw wr wkh fkloguhq
yduldeohv zkhq zh frpsduh hvwlpdwhv zlwk wkh {hg hhfw uhvxowv1 Zh fdq whvw/
e| dq Kdxvpdq surfhgxuh/ wkdw wkh hvwlpdwhg uhodwlyh hhfwv ri fkloguhq +709/ :0
544;, duh htxdo lq wkh udqgrp hhfwv Orjlw fdvh  wkh h!flhqw rqh xqghu wkh qxoo
k|srwkhvlv  dqg wkh frqglwlrqdo Orjlw fdvh  wkh urexvw rqh djdlqvw ghshqghqfh
ehwzhhq lqglylgxdo hhfwv dqg fryduldwhv dqg qrupdolw| ri lqglylgxdo hhfwv1 Wkh
whvw vwdwlvwlf lv htxdo wr 8155 zlwk wzr ghjuhhv ri iuhhgrp1 Dw d ohyho ri 8(/ zh
fdqqrw uhmhfw wkdw frh!flhqwv duh htxdo1
91 H{whqvlrqv
Rwkhu txhvwlrqv ri lqwhuhvw duh zkhwkhu wkh lpsolhg vshflfdwlrq iru wkh mrlqw glv0
wulexwlrq ixqfwlrq fdq eh whvwhg dqg zkhwkhu wkh rwkhu sulplwlyh/ wkh pdujlqdo
glvwulexwlrq ixqfwlrq ri erwk glvwxuedqfhv/ fdq eh uhfryhuhg iurp wkh gdwd1 Dq0
rwkhu txhvwlrq lv krz wr h{whqg wkh uhvxowv ri Fkdpehuodlq +4<<5, wr wklv vhwwlqj1
9141 Vshflfdwlrq whvwv
Dv ehiruh/ zh zulwh wkh lqglfhv %| ' 5|q zkhuh 5| duh wkh h{rjhqrxv fryduldwhv dw
shulrg | ' c21 Zh dovr dvvxph wkdw sdudphwhuv q dqg ixqfwlrq SE duh lghqwlhg
xs wr d vfdoh sdudphwhu xqghu wkh lghqwlfdwlrq frqglwlrqv jlyhq lq Pdqvnl +4<;;,1
Lq sduwlfxodu/ %| lv d frqwlqxrxv yduldeoh ehfdxvh rqh yduldeoh dprqj 5| lv frqwlq0
xrxv +vd| 5
E￿￿














Dv +￿ dqg +2 duh elqdu| yduldeohv/ lwv mrlqw glvwulexwlrq ixqfwlrq frqglwlrqdo wr




hi+￿ 'f c+ 2 'fm 5￿c5 2j ' .0 hi+￿ 'f c+ 2 'fm 5￿c5 2c0j
hi+￿ 'fm 5￿c5 2j ' .0 hi+￿ 'fm 5￿c5 2c0j
hi+2 'fm 5￿c5 2j ' .0 hi+2 'fm 5￿c5 2c0j
zkhuh/ lq wkh UKV/ 0 lv lqwhjudwhg rxw zlwk uhvshfw wr wkh frqglwlrqdo glvwulexwlrq
ixqfwlrq ri lqglylgxdo hhfwv/ _CE0 m 5￿c5 2 vd|1 Xvlqj +615, dqg wkdw wkh pdujlqdo





hi+￿ 'f c+ 2 'fm 5￿c5 2j '
.0E8E%2 n 0 m 5￿c5 2  SE%￿  %2.0E8E%￿ n 0 m 5￿c5 2
  SE%￿  %2
hi+￿ 'fm 5￿c5 2j ' .0E8E%￿ n 0 m 5￿c5 2
hi+2 'fm 5￿c5 2j ' .0E8E%2 n 0 m 5￿c5 2
+914,
55Wkh odvw wzr htxdwlrqv h{suhvv wkh pdujlqdo glvwulexwlrq ixqfwlrqv zklfk duh gl0
uhfwo| lghqwldeoh iurp wkh gdwd/ dv frqyroxwlrqv ri ixqfwlrq 8E dqg ixqfwlrq
CE0 m 5￿c5 2= ]
8E%| n 0_CE0 m 5￿c5 2
wkh lqwhjudo ehlqj wdnhq ryhu wkh vxssruw ri 01 Wkhvh htxdwlrqv duh frqyroxwlrq
htxdwlrqv zklfk surshuwlhv uhodwlyh wr lghqwlfdwlrq/ uhpdlq wr eh vrxjkw1 Zh fdq
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E￿￿ n #_  CE# m 5￿c5 2
dqg wkh odvw wzr htxdwlrqv ri +914, fdq eh uhzulwwhq dffruglqjo|1 Lw lpsolhv frq0

















hi+￿ 'fm 5￿c5 2j ' h i+2 'fm 5￿c5 2j
Dqrwkhu srvvleoh zd| ri whvwlqj wkh joredo fxw surshuw| lv wr uhfrqvlghu wkh uvw
htxdwlrq ri v|vwhp +914, dqg uhsodfh wkh h{suhvvlrqv lq wkh uvw htxdwlrq e| wkhlu
ydoxh jlyhq e| wkh wzr odvw htxdwlrqv wr rewdlq=
hi+￿ 'f c+ 2 'fm 5￿c5 2j '
hi+2 'fm 5￿c5 2jSE%￿  %2hi+￿ 'fm 5￿c5 2j
  SE%￿  %2
Dv doo wkhvh h{suhvvlrqv fdq eh qrq sdudphwulfdoo| lghqwlhg/ wklv frqglwlrq
|lhogv d prphqw frqglwlrq wkdw fdq eh whvwhg1
9151 Frqyhujhqfh udwh
Zh fdq hdvlo| jhqhudol}h rqh ri wkh uhvxowv ri Fkdpehuodlq +4<<5, wr wklv vhwwlqj1
Wkh vhplsdudphwulf h!flhqf| erxqg ri wkh sdudphwulf sduw ri wkh prgho lv }hur
xqohvv wkh vxp ri wkh elqdu| yduldeohv lv d vx!flhqw vwdwlvwlf1
Iluvw/ zh xvh wkh iroorzlqj wkhruhp dgdswhg iurp wkh rqh vwdwhg dw sdjh :/
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wr eh deoh wr zulwh=
56Wkhruhp 9141 Wkh vhpl0sdudphwulf h!flhqf| erxqg U\ 'firu doo wf lq X xqohvv
wkh glvwulexwlrq ixqfwlrq ri udqgrp vkrfnv lv vxfk wkdw=
;5￿c5 2(< 'E ￿c2c￿ce 5 U
e vxfk wkdw= +915,
;S 5 U/ 
￿@E5cScwf'f
Surri= Vhh Fkdpehuodlq +4<<5, dgdswlqj wkh surri wr wkh fdvh zkhuh ￿ dqg
2 duh qrw lqghshqghqw1
Vhfrqg/ lw uhpdlqv wr eh suryhq wkdw wklv frqglwlrq lv htxlydohqw wr wkh h{lvwhqfh
ri wkh vx!flhqw vwdwlvwlf1 Qrwh uvw wkdw li S $ n4 wkhq qhfhvvdulo| e 'fdqg
wkdw li S $ 4wkhq qhfhvvdulo| ￿ 'f+Fkdpehuodlq/ 4<<5,1 Wkhuhiruh frqglwlrq
+915, lv htxlydohqw wr=
2 hE￿ : E5￿qnSc 2  E52qnSn￿ hE￿  E5￿qnSc 2 : E52qnS ' f
zklfk lv htxlydohqw wr=
hE￿ : E5￿q n Sc 2  E52q n S




zkhuh wklv udwlr lv lqghshqghqw ri S1 Wklv frqglwlrq lv h{dfwo| frqglwlrq +614,1
Wkhuhiruh=
Wkhruhp 9151 Wkh vhpl0sdudphwulf h!flhqf| erxqg lv htxdo wr }hur xqohvv wkh
vxp ri elqdu| yduldeohv lv d vx!flhqw vwdwlvwlf iru wkh lqglylgxdo hhfw1
Dv wkh sulqflsoh ri wkh surri ri wklv uhvxow lv yhu| vlplodu wr wkh rwkhu uhvxow
derxw lghqwlfdwlrq zkhq uhjuhvvruv duh erxqghg/ wkh vdph h{whqghg w|sh ri uhvxow
fdq eh ghulyhg1
:1 Frqfoxvlrq
Lq wklv sdshu/ zh xvhg wkh surshuw| ri vx!flhqf| wr ghulyh d jhqhudol}dwlrq wr
frqglwlrqdo orjlw phwkrgv1 Zh suhvhqwhg wkh frqglwlrqv xqghu zklfk zh fdq txdvl0
glhuhqfh elqdu| gdwd1 Wkhuh duh ydulrxv srvvleoh h{whqvlrqv1 Lq sduwlfxodu/ lw
uhpdlqv wr eh vhhq krz vxfk dq dssurdfk zrxog eh dssolhg rwkhu qrq0olqhdu prghov1
57Uhihuhqfhv
Deuhyd|d/ M1/ 5333/ Udqn Hvwlpdwlrq ri d Jhqhudol}hg Il{hg Hhfwv Uhjuhv0
vlrq Prgho/ Mrxuqdo ri Hfrqrphwulfv/ <8=40561
Dqghuvhq/ S1N1/ 4<:6/ Frqglwlrqdo Lqihuhqfh dqg Prghov iru Phdvxulqj/
Phqwdok|jlhqmqlvn Iruodj=Frshqkdjxh1
Duhoodqr/ P1 dqg E1 Krqruì/ 4<<</ Sdqho Gdwd Prghov= Vrph Uhfhqw
Ghyhorsphqwv/ lq hgv H1 OHdphu dqg M1M1 Khfnpdq/ Kdqgerrn ri Hfrqrphwulfv/
8/ Qruwk Kroodqg= Dpvwhugdp1
Eduqgru0Qlhovhq/ R1H1/ 4<:;/ Lqirupdwlrq dqg H{srqhqwldo Idplolhv lq
Vwdwlvwlfdo Wkhru|/ Fklfkhvwhu=Zloh|1
Eduqgru0Qlhovhq/ R1H1/ dqg G1/ U1/ Fr{/ 4<<7/ Lqihuhqfh dqg Dv|ps0
wrwlfv/ Fkdspdq dqg Kdoo= Orqgrq1
Fkdpehuodlq/ J1/ 4<;7/ Sdqho gdwd/ lq hgv Julolfkhv dqg Lqwuloljdwru/ Kdqg0
errn ri Hfrqrphwulfv/y r o x p h5 /
Fkdpehuodlq/ J1/ 4<<5/ Elqdu| Uhvsrqvh Prghov iru Sdqho Gdwd = Lghqwl0
fdwlrq dqg Lqirupdwlrq/ Kduydug Xqly1/ xqsxeolvkhg pdqxvfulsw1
Fkduolhu/ H1E1/ E1 Phohqehuj/ dqg D1 Ydq Vrhvw/ 4<<8/ D Vprrwkhg
Pd{lpxp Vfruh Hvwlpdwru iru wkh Elqdu| Fkrlfh Sdqho Gdwd Prgho dqg dq Ds0
solfdwlrq wr Oderxu Irufh Sduwlflsdwlrq/ Vwdwlvwlfd Qhhuodqglfd/ 7<=6570751
Fkhq/ [1/ M1M1/ Khfnpdq/ H1/ Y|wodflo/ 4<<</ Lghqwlfdwlrq dqg
s

H!flhqw Hvwlpdwlrq ri Vhplsdudphwulf Sdqho Gdwd Prghov zlwk Elqdu| Ghshqghqw
Yduldeohv dqg d Odwhqw Idfwru/ xqsxeolvkhg pdqxvfulsw1
Fr{/ G1U1 dqg Q1/ Uhlg/ 4<;:/ Sdudphwhu Ruwkrjrqdolw| dqg Dssur{lpdwh
Frqglwlrqdo Lqihuhqfh/ Mrxuqdo ri Ur|do Vwdwlvwlfdo Vrflhw| Vhulhv E/ 7<=4=6<1
Judgvkwh|q/ L1V1/ dqg L1P1/ U|}kln/ 4<<8/ Wdeohv ri Lqwhjudov/ Vhulhv dqg
Surgxfwv/ Dfdghplf Suhvv= Orqgrq1
Krqruì/ E1H1 dqg H1/ N|uld}lgrx/ 5333/ Sdqho Gdwd Glvfuhwh Fkrlfh
Prghov zlwk Odjjhg Ghshqghqw Yduldeohv/ Hfrqrphwulfd/
58Krqruì/ E1H1 dqg D1 Ohzeho/ 5333/ Vhplsdudphwulf Elqdu| Fkrlfh Sdqho
Gdwd Prghov zlwkrxw Vwulfwo| H{rjhqhrxv Uhjuhvvruv/ ZS/ Ervwrq Froohjh1
Krurzlw}/ M1/ 4<<5/ D Vprrwkhg Pd{lpxp Vfruh Hvwlpdwru iru wkh Elqdu|
Uhvsrqvh Prgho/ Hfrqrphwulfd/ 93=838064
Krurzlw}/ M1/ 4<<;/ Vhplsdudphwulf phwkrgv lq Hfrqrphwulfv/ Vsulqjhu= Ehuolq1
Nohlq/ U1Z1 dqg U1K1 Vsdg|/ 4<<6/ Dq H!flhqw Vhplsdudphwulf Hvwlpd0
wru iru Elqdu| Uhvsrqvh Prghov/ Hfrqrphwulfd/ 94=6;:07541
Odqfdvwhu/ W1/ 4<<</ Sdqho Elqdu| Fkrlfh zlwk Il{hg Hhfwv/ Eurzq Xql0
yhuvlw|1
Odqfdvwhu/ W1/ 5333/ Wkh Lqflghqwdo Sdudphwhu Sureohp vlqfh 4<7;/ Mrxuqdo
ri Hfrqrphwulfv/ <8=6<407461
Odqfdvwhu/ W1/ 5334/ Ruwkrjrqdo Sdudphwhuv dqg Sdqho Gdwd/ Eurzq Xql0
yhuvlw|1
Ohh/ P1M1/ 4<<</ D Urrw0q Frqvlvwhqw Vhplsdudphwulf Hvwlpdwru iru Uhodwhg0
Hhfw Elqdu| Uhvsrqvh Sdqho Gdwd/ Hfrqrphwulfd/ 9:=75:0661
Ohzeho/ D1/ 5333/ Vhplsdudphwulf Txdolwdwlyh Uhvsrqvh Prgho Hvwlpdwlrq
zlwk Xqnqrzq Khwhurvnhgdvwlflw| ru Lqvwuxphqwdo Yduldeohv/ Mrxuqdo ri Hfrqr0
phwulfv/ <:=4780::1
Pdqvnl/ F1I1/ 4<;:/ Vhplsdudphwulf Dqdo|vlv ri Udqgrp Hhfwv Olqhdu
Prghov iurp Elqdu| Sdqho Gdwd/ Hfrqrphwulfd/ 88=68:0951
Pdqvnl/ F1I1/ 4<;;/ Lghqwlfdwlrq ri Elqdu| Uhvsrqvh Prghov/ Mrxuqdo ri
wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;6=:5<0:6;1
Udvfk/ J1/ 4<93/ Suredelolvwlf Prghov iru Vrph Lqwhooljhqfh dqg Dwwdlqphqw
Whvwv/ Ghqpdun Sdhgdgdjrjlvnh Lqvwlwxw/ Frshqkdjxhq1
59D1 Surri ri wkhruhp 614





























E| wkh pdlq surshuw| +614,=
gEc{ ' SECEc{
dqg e| frqvwuxfwlrq =




CEc{ ' E￿ 
{n
2
  Ec{ +D14,
Wkhuhiruh =








'E   SECEc{




















2   SE8E{n￿
2 
  SE
zklfk jlyhv +615,1 Dv SE lv d ghfuhdvlqj ixqfwlrq iurp n4 wr f/ lw lv vwudljkwiru0
zdug wr yhuli| wkh olplw frqglwlrqv zkhq hlwkhu %￿ ru %2 whqg wr n* 4 
5:E 1S u r r ir is u r s r v l w l r q6 1 6














E  SE2E8E%￿  8E%2
zkhuh  ' %￿  %2 dqg S￿E'
_SE￿￿
_￿  Wkhuhiruh =
Y2
Y%￿Y%2
hE￿  %￿c 2  %2'
S￿E







E8E%￿  8E%2 +E14,
Ohwwlqj rE'
S￿E￿￿
E￿3SE￿￿￿2 |lhogv wkh h{suhvvlrq
F 1S u r r ir is u r s r v l w l r q6 1 7
Dv wkh ixqfwlrq rE lv qrw ghqhg dw  'f / zh kdyh wr glvwlqjxlvk wkh fdvhv ri
	f dqg :f1
Zulwh iru dq| 	f=





hE￿  %￿c 2  %2_%￿_%2
Xvlqj +E14,/ wkh dujxphqw xqghu wkh lqwhjudo vljq lv =
rEEsE%2nsE%￿ n r
￿EE8E%￿  8E%2






drEEsE%2nsE%2 n  n r

















￿E8E%2 n o_ ' rE8E%2 n 
5;zh jhw=
















d8E% n   8E%o_%
Dv s h{lvwv dqg lv erxqghg +vhh wkhruhp 614, wkhq =














Zh fdq wkhuhiruh glhuhqwldwh wkh lqwhjudo h{suhvvlrq zlwk uhvshfw wr  dqg





d8E% n   8E%o_% '
Dv wkh lqwhjudo wdnhv ydoxh f zkhq  'f /z hr e w d l q=
] n"
3"















Dv wklv suredelolw| lv erxqghg e| '*  4 ￿<"
￿




E  S2 'f
dqg frqglwlrq W deryh lv wkhuhiruh dovr vdwlvhg1






drEEsE%2nsE%2 n  n r










5<xqghu wkh frqglwlrq wkdw *4￿<n" rE'f 1 Zh hqg xs zlwk=









E  S2 'f
Vxppdul}lqj/ iru dq|  9'f=













E  S2 'f
E| h{whqvlrq/ xvlqj   SE  S￿Ef  SEf2*2 dqg S￿E  S￿Ef n
SEf zkhq  $ f=
hE￿  2  f '
SEf
2S￿Ef2






￿3S ' / e| srlqw 4 ri Wkhruhp 614/ wkh
h{suhvvlrq deryh ghqhv d surshu fxpxodwlyh g1i1 zklfk dgplwv d srvlwlyh dqg









E  S2 'f
ehfdxvh frqglwlrq W* lv lpsolhg e| wkhvh frqglwlrqv1
G 1S u r r ir is u r s r v l w l r q6 1 8
Zh vkdoo yhuli| wkh frqglwlrqv wkdw SE lv d srvlwlyh ixqfwlrq wkdw lv ghfuhdvlqj dqg









￿3S lv d ixqfwlrq wdnlqj ydoxh htxdo wr  ￿
S￿Ef￿ : f zkhq  'f /  '  ￿
S￿Ef￿ :
f1 Jlyhq wkdw ixqfwlrqv ￿
￿3S dqg ￿S







E_ n   :f
Wkh vhfrqg frqglwlrq fdq eh zulwwhq dv =
] ￿
f
EE  _ n :f






E  E_ 	  +G14,





f E_ n 
Wr ghwhuplqh / zh kdyh wr xvh frqglwlrq +618,1 Wr ghwhuplqh ixqfwlrq rEc wdnh




f E_ n   E
E
U ￿
f E_ n 2
zklfk lv qhjdwlyh xqghu frqglwlrq +G14,1
Xvlqj= ] ￿
f












f E_ n 2
Qrwh wkdw +G14, lpsolhv wkdw
U ￿




Zh kdyh dovr =
rE'
S￿E






dqg htxdwlrq +618, fdq eh zulwwhq dv=
;Ec%( rEEsE% n nsE% n r
￿EE8E% n   8E% : f
E| wkh sulplwlyh dvvxpswlrqv/ rE lv d qhjdwlyh ixqfwlrq dqg r￿E lv d qhjdwlyh
ixqfwlrq iru 	f dqg d srvlwlyh ixqfwlrq iru :f1 Htxdwlrq +618, lpsolhv wkdw=
;:fc;%(
sE% n nsE%



























Lq rughu iru 8E wr eh srvlwlyh/ lw lv wkhuhiruh qhfhvvdu| wkdw=

















































E  E ' f +G19,
zklfk jlyhv wkh frqglwlrqv ri wkh sursrvlwlrq






H1 Surri ri fruroodu| 619







Frqglwlrq +I14, fdq eh wudqvodwhg lqwr=
*4
￿<fn 
2rE' *  4
￿<f3 
2rE
dqg lv dozd|v vdwlvhg ehfdxvh wkhvh olplwv duh htxdo wr *S￿Ef1 Frqglwlrq +I15,



















65I 1S u r r ir is u r s r v l w l r q6 1 :
Jlyhq wkdw rE lv qhjdwlyh/ htxdwlrq +618, lv htxlydohqw wr =
;  fc;%(sE% n nsE% 	 
r￿E
rE
E8E% n   8E% +I14,
Zh pxvw vkrz wkdw wkhuh h{lvw g1i1 8E vdwlvi|lqj +I14,1 Dv vkrzq lq dsshqgl{












Zh surfhhg lq irxu vwhsv xvlqj wkh iroorzlqj ohppdv wkdw duh suryhq lq wkh
iroorzlqj =









Wklv frqglwlrq vxjjhvwv wkdw zh vkrxog eh lqwhuhvwhg e| wkh surshuwlhv ri g1i1
zklfk vdwlvi| +I16,1
Ohppd I151 Zkhq ;%(
s￿E%￿
sE%￿  k2c wkhq =




zkhuh vkE dqg fkE duh wkh k|shuerolf vlqh dqg frvlqh ixqfwlrqv
Wkh surri lv edvhg rq frqyh{lw| lqhtxdolwlhv1 Lw lv qrz reylrxv wkdw wklv ohppd
shuplwv wr erxqg wkh ixqfwlrqv lq htxdwlrq +I14,1














f/ lw vdwlvhv htxdwlrq +I14,1
E| pdnlqj  whqg wr }hur/ zh fdq dovr suryh wkdw ohppd I16 lpsolhv ohppd
I 1 4 1L wl ve h f d x v hw k hi x q f w l r qr qw k hU K Vl vh t x l y d o h q ww rk2￿
S zkhq  whqgv wr
}hur/ lv lqfuhdvlqj dqg whqgv wr kf zkhq  whqgv wr n41 Uhpdun wkhuhiruh wkdw
kf lv erxqghg e| wkh erxqg jlyhq lq ohppd I141
Lw uhpdlqv wr eh suryhq wkdw wkhuh h{lvw g1i1 8E






Wkh surri ri sursrvlwlrq 61: whuplqdwhv e| frqvlghulqj d g1i1 8E vdwlvi|lqj
ohppd I171 Lw vdwlvhv wkh frqglwlrq ri ohppd I151 Lpsrvlqj frqglwlrq +6146,/
wklv g1i1 vdwlvhv htxdwlrq +I14, e| ohppd I161 Htxdwlrq +I14, lv surshuo| ghqhg
zkhq  'fe| ohppd I14 1
I141 Surri ri ohppd I14
Zh fdq uhzulwh +I14, dv =
EsE% n nsE%  2






E8E% n   8E%

Zkhq  whqgv wr }hur/ zh fdq h{sdqg wkh OKV wr wkh wklug rughu dv 8E lv
vxssrvhg wr eh glhuhqwldeoh wkuhh wlphv =






























I151 Surri ri ohppd I15
Iru dq| b 5 dfco ohw =
 sEb'sEbE% n nE  b% : f
67dqg wkhuhiruh  sEf ' sE% dqg  sE ' sE% n 1 Wkh frqglwlrq
s￿E%￿







Ghqh ixqfwlrq Eb vxfk wkdw=









dqg ghqh ixqfwlrq }Eb vxfk wkdw=
}Eb'EbsE% n nE  2b n EbsE%
Wkhq=








Dv wkh ghjuhh frqyh{lw| ri }E lv odujhu wkdq wkh ghjuhh ri frqyh{lw| ri  sEc
lw fdq eh vkrzq wkdw=
Ohppd I181  sEb  }Eb iru dq| b 5 dfco











E  sEb  }Eb
Ehfdxvh  sEb : f dqg wkh lqhtxdolwlhv deryh=
[Eb  f , [
￿Eb  f
Dvvxph/ e| frqwudglfwlrq/ <bf([Ebf 	 f1Z hn q r zw k d w[Ef ' fc [E ' f dqg
wkdw [Eb lv wzlfh glhuhqwldeoh1 Wkhuhiruh/ dv [E lv frqwlqxrxv/ <Eb￿cb 2,v x f k
wkdw b￿ 	b f 	b 2 dqg vxfk wkdw [Eb￿'[ E b2'f 1W k h q;b 5ob￿cb 2dc [Eb 	 f
dqg [Eb 	 f1 Lw lv d frqwudglfwlrq vlqfh lw lv qrw srvvleoh wr frqvwuxfw d frqfdyh
ixqfwlrq lq d lqwhuydo zkhuh lw wdnhv ydoxh 3 dw wkh hqg srlqwv dqg lv qhjdwlyh lq
ehwzhhq1
Z hw k h u h i r u hk d y h=

































Dv d sduwlfxodu vroxwlrq lv Eb'E  2b dqg d jhqhudo vroxwlrq lv =
Eb'g￿ i TEkbngf i TEkb
wkh vroxwlrq lv =
Eb'g￿ i TEkbngf i TEkb  E  2b
Lpsrvlqj frqglwlrqv E f 'fdqg E '  lpsolhv wkdw =
g￿ '
  E n i TEk
2vk+k
gf '
E n i TEk  
2vk+k
Wkhq lqwhjudwlqj Eb ehwzhhq f dqg  |lhogv wkh uhvxow1




f/ zh fdq xvh ohppd I15/ frqglwlrq +6146, dqg htxdwlrq +I15, wr jhw
htxdwlrq +I14,1
I171 Surri ri ohppd I17
Ohw k:f1 Frqvlghu d g1i1 vxfk wkdw lwv ghqvlw| ixqfwlrq lv =
sE% 2 k
2 i TEk
2 m % m li %   ru %  
dqg zkhuh dq|zkhuh hovh wkh ghqvlw| ixqfwlrq lv frqfdyh1 Ryhudoo zh vkdoo lpsrvh
wkdw s lv wzlfh glhuhqwldeoh e| vprrwk sdvwlqj dw  dqg  +s kdyh glvfrqwl0
qxlwlhv dw  dqg  krzhyhu,1 Wkhq hyhu|zkhuh s vdwlvhv wkh frqglwlrq ri wkh
ohppd1 Lw lv d frqmhfwxuh wkdw li sE% lv d Odsodfh ghqvlw| +khqfh  'f ,/ wkh
zkroh vhwwlqj dssolhv1
69J 1S u r r ir io h p p d6 1 ;
Zh uvw suryh wkh iroorzlqj xvhixo ohppd1







Wkhq iru dq| +:f/ [E+  *S
Surri = Zh suryh uvw wkdw/ e| h{whqvlrq/ [Ef ' *S/v h f r q gw k d w[￿E+  f1
l,1 Zkhq + $ f/ zh fdq uhsodfh k|shuerolf ixqfwlrqv e| wkhlu h{sdqvlrqv=
r+  + n +








































Zh xvh wkdw iru dq| +:f=

vk+  +














dqg wkhuhiruh [￿E+  f
Uhwxuqlqj wr wkh surri ri ohppd 61;/ zh frqvlghu d ghqvlw| ixqfwlrq ) zklfk
yhulhv +61<, wkdw lv =
















6:Frqvlghu uvw wkh fdvh ri : 1 Zh xvh wzr uhvxowv= l,1 wkh olplw zkhq  $ f ri
kfvkEkf￿￿
fkEkf￿￿3￿  2
















ehfdxvh fkEkf  Ekf2*21 Wkhuhiruh frqvlghu kf  qf dqg frqglwlrq +6146,
lv yhulhg iru dq| : 1























Wkh h{suhvvlrq ehwzhhq eudfnhwv rq wkh UKV lv [Ekf ghqhg lq ohppd J14 lv






Dv )E lv srvlwlyh/ frqwlqxrxv h{fhsw srvvleo| dw d qlwh qxpehu ri srlqwv/ wkh
plqlpxp lv wdnhq ryhu d frpsdfw vhw dqg wkhuhiruh k￿ : f1 Wkhuhiruh/ fkrrvh
kf  ESk￿￿*2 dqg +6146, lv vdwlvhg iru   1 Lq frqfoxvlrq/ surylghg wkdw
kf  plq+qfcESk￿￿*2,/ +6146, lv vdwlvhg1 Lw suryhv dovr wkdw li frqglwlrq +6146, lv
yhulhg iru kf wkdq lw lv yhulhg iru dq| k	k f1
K1 Surri ri ohppd 6143
Zh vwduw iurp uhzulwlqj frqglwlrq +6146, dv =
Y
Y


















Dv wkh dujxphqw zlwklq wkh orjdulwkp lv srvlwlyh/ wklv frqglwlrq lpsolhv wkdw wklv








6;dqg wkhuhiruh iru dq| :f=


























Ehfdxvh ri +K14,/ wkh uvw whup lq wkh UKV lv htxdo wr }hur dqg wkh vhfrqg whup























































z k h u hz hf k d q j hy d u l d e o h vE5 'i  T E + dqg zkhuh zh xvhg Judgvkwh|q dqg









Uhshdwlqj wkh dujxphqw iru 	f e| uhyhuwlqj wkh ￿  2 d{lv / zh jhw =






6<Qrq sduwlflsdqw +4<<<, Sduwlflsdqw
Qrq sduwlflsdqw +4<<;, 5534 684
Sduwlflsdqw 633 ;777







Fklog36 04133 04133 04133
+0, +0, +0,
Fklog79 0319:6 0319;4 0319:8
+13<6, +13;<, +13<5,
Fklog:4; 031797 0317:3 031799
+13<7, +13<4, +13<6,
Vsrxvh Lqfrph 0313358 0313358 0313358
+Prqwko|> nI, +1349, +1349, +1349,
Djh 041856 041896 041865
+lq ghfdghv, +178;, +178;, +178:,
Lqwhufhsw 31365 31366 31365
+31367, +31366, +31367,
OrjOlnholkrrg 06;413: 06;31;8 06;4134
Qrwhv= d1 Hvwlpdwlrq phwkrg= Frqglwlrqdo Olnholkrrg1 Wkh qxpehu ri revhuydwlrqv
lv htxdo wr SD1 Yduldeohv duh lq uvw glhuhqfhv h{fhsw djh1
e1 Wkh suredelolw| S*E n S l vw k hv w d q g d u gq r u p d o 1
f1 Wkh glhuhqfh ￿  2 lv qrupdoo| glvwulexwhg1
Wdeoh 5= Frqglwlrqdo Olnholkrrg hvwlpdwlrq
73Yduldeohv @ UH Orjlw K UH Orjlw UH Surelw UH Surelw
Fklog36 04 04 04 04
+0, +0, +0, +0,
Fklog79 031:85 031976 031:9< 031975
+31389, +1473, +1387, +146;,
Fklog:4; 03169; 0316;6 031696 0169<
+135<, +13<;, +135:, +13<6,
Vsrxvh Lqfrph 031335 31334 0313356 31334
+1336, +1347, +1336, +1346,
Djh 051895 08133 051;7 08193
+1663, +1998, +1664, +19;6,
Djh2E S￿ 0313:7 031548 031399 031537












￿ E_￿ 31<;6 31<;6 31<78 31<77
+1333;6, +1333;6, +13356, +13355,
OrjOlnholkrrg 0::971588 0::681<35 0::9<1:48 0::6:1<8<
Qrwhv= d1 Wkh ghshqghqw yduldeoh lv sduwlflsdwlrq vwdwxv lq 4<<; dqg 4<<<1 H{sodqd0
wru| yduldeohv vxfk dv Phdq+Fklog36, duh frqvwuxfwhg dv wkh kdoi vxp ri wkh ydoxhv ri
wkhvh yduldeohv lq <; dqg <<1
e1 Hvwlpdwlrq phwkrg= Udqgrp hhfwv Orjlw dqg Surelw1 Lqglylgxdo hhfwv duh
qrupdoo| glvwulexwhg1 Wkh qxpehu ri revhuydwlrqv lv htxdo wr 445<91
f1 Wklv yduldeoh lv frqvwuxfwhg lq vxfk d zd| wkdw lwv uvw glhuhqfh lv htxdo wr wkh
yduldeoh Djh1 Lwv frh!flhqw lv wkhuhiruh gluhfwo| frpsdudeoh wr wkh hvwlpdwhv ri wklv
frh!flhqw uhsruwhg lq Wdeoh 5 dqg wkh vshflfdwlrq uhpdlqv txdgudwlf lq djh1
g 1L wl vw k hu d w l rr iw k hy d u l d q f hr iw k hl q g l y l g x d oh  h f ww rw k hw r w d oy d u l d q f hr iw k h
glvwxuedqfhv1
Wdeoh 6= Udqgrp hhfwv hvwlpdwlrq
74